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1 Cross section

Here, we will explore the strength and the properties of interactions by comparing the probabilistic amplitudes with
the results from the actual experiments. In the experimental setup, we either collide two particle beams or scatter

a beam by a fixed target. In such a case, we expect multiple collisions. Therefore, we cannot derive the correct
information without considering the precise setup, e.g., beam strength.

Motivation of introducing cross section

In practice, we gain various information about elementary particles and interactions from the flux of the scat-
tered/decay particles. The schematic image of the flux is given in Fig. 1.

®: Measurables (energy, particle number etc...)

dT': Measurement speed (time resolution)

dS: Detector cell (spatial resolution)

Figure 1: Schematic picture of practical setup in particle physics experiment

The unit of flux in SI/natural unit is summarized in the following table.

Energy flux | Number flux | Luminosity (Power)
In SI unit J/(m®-s) | #/(m®-s) J/s=W
In natural unit GeV* GeV?® GeV?

As an example, let us consider a fixed target experiment. The setup is given in Fig. 2. The event rate is proportional
to the number flux of A:

Rate = ,#
(time)
o (number flux of A)
=MNAVA (1)
- (time) nAvATE )

Here, op has a unit of “area.” Therefore, op is called “total cross section.”

Figure 2: The setup of the fixed target experiment with particles A & B



Basic assumptions of beams

First, we list three basic assumptions of particle beams

1. The characteristic size of the beam is large enough. Even though it may look collimated compared to our
ordinary sense, you can approximate its size to be infinitely large compared to the characteristic size of the
beam’s particles.

2. Inside the initial beams, each beam particle is separate enough that you can neglect the internal interactions
between them. Therefore, any particles can be described as free (no interactions) when beams are separate.

3. Whole processes take an infinitely long time compared to the typical timescale of each microscopic process,
even if the whole processes may look instantaneous because incoming initial particles and outgoing particles
are ultra-fast.

Definition of cross section

A cross section of a collision process is a quantity which is given by

(Number of collisions per unit volume per unit time)

(3)

(Particle number density of beam 1) (Particle number density of beam 2) ( )

Suppose the collisions of two incident beams with number density p; and ps, respectively. Let v, be relative speed.
When we measure that the N collisions happen within the space volume of size V and time interval T, the cross
section o of these collisions is given by

1 N
o= —— (o (4)
p1p2Vrel \ VT

When we are focusing on a special final state, such as a state which is scattered within the angle (6,6 + d6), we

write
1 dN
do=—— (), 5
P1P2Vrel <VT) 5)

where do or do/df is called a differential cross section in the direction of 6.



S matrix formalism

S matriz or scattering matrix is a matrix that relates the initial state and the final state of a physical system
undergoing a scattering process. It is introduced by the transition amplitude of two asymptotic states before
(t = —o0) and after (¢ — oco) the scattering process: in-state — out-state

Spa = (¥p(00) [a(—00)), (6)

where W3 belongs to the free final state Hilbert space Hoyt, and @, belongs to the free initial state Hilbert space
Hin. Usually, Hour # Hin. Here a and § are shorthands that represent the particle content but suppresses the
individual labels. We can proceed further to get a S operator

Sga = (¥5(00) |[Pa(—00)) = (Ts(~00)| §Pa(—00)) = (¥s(+00)| §|Pa(+00)). (7)

Now the final state is also expressed in the form of S operator acting on some state in H;,,.
The concept of asymptotic states (t — +00) works very well under our assumption (2) and (3) of the beam.
Let us express cross sections via the S matrix. Suppose particles 1 and 2 with momentum

P’fz = ' (8)

collide with each other and the final state is composed of particles of mass M; with momentum g, ~ g, + dsqi.

(1) Relative speed
The relative speed of the incident beams is given by

Urel = |’l)1 - 02|

_|P1_ P2
P
2
\/(pl : pz) - m%m% (9)
PIpd '

(2) Number density

Using 1 particle wavefunction, (p|p) is evaluated by
wlp) = [ @zt () vye)
- [ @@, (10)

and this means that (p|p) reflects the total number of particles with momentum p in the whole spatial volume V.
Using the normalization of |p)

(plp') = (2m)*20°8*(p - p'), (11)
we get
(plp) = (27)"2p°5%(0)
= 2p0/d3m eip'$|p:0
=2p° / Bz
=2p°V. (12)
Thus, the number density of the particle with momentum p is given by

p(p) = 2p°. (13)

We can use this expression for the number density of the initial state.



(3) Scattering probability

For the final state, we need to think of the general multiparticle states. n’ particles state

k1, ko, k) (14)
now has the norm of
v ko, o[k oz, o ko) = (2V)" ROKS - D). (15)
When we consider the state subspace such that the set of the final momentum {ki, ko, - ,k, } belongs to the
infinitesimal momentum space element fll (2;1;5;]{0, the projection operator to that state subspace is given by
P= ﬁdg% k1, Koy k) (R kg, - k. (16)
i (2m)7 2KY

From Eq. (7), the initial state |« is transformed into S |) after the interactions. Thus, the projection of this state
onto the infinitesimal momentum space element above reads

n’ 3
~ d°k; .
P(S10)) = (T] sy | Motz ko) (Rt ez, o o] Sa). 17
% 7:1;[1(2”)32]“? k1, ko ) (1, k2 |.S |a) (17)
Following the postulate of the quantum mechanics (Born’s rule), the probability of finding the final state |k, k2, -+ , kn/)
n’ 3

in the infinitesimal momentum space element H : by the single collision is given by the squared norm of

S (2m)” 240
the Eq. (17) divided by the squared norm of the initial state:

dP ﬁ d3k§i ﬁ d3k:: ((kllvk/% 7k;z’|k17k27"' ’k7l’> <kllvk,27 7k;/|‘§|a>> <<k17k27"' ’kn"‘§|a>)
B i— (27‘(‘)3 Qk? _ (27‘(’)3 2]{?;0 <a|a> <klak27"' >kn/|klvk2>"' 7kn’>
.2
R et ke, K] S )| )
S om)Pak? (ala)
(4) 2 — n' scattering
Consider the case when the 2 initial particles (Jo) = |p;, Po)) interact to create n’ particles. Then
(ala) = 4V2piph. (19)

In the spatial volume V', the number of the initial particles 1 and 2 are p;V, poV, respectively. Then, the total
number of particles in the final state |kq, ko, -+ , ky/) is given by

AN = (n1V) (p2V) dP

V2P1p2‘ NN d’k;
= kkk:nSa’ [[———
(ala) o ks |5 le) S (2m)® 2k0
n’ 3
_ pip2 ’ 5 ‘2 d°k;
= ki ko, kn|S|a — 20
4pp9 o ks [Sle) };[1(271')32/{? (20)



(5) S matrix element

Total energy-momentum must be conserved before and after the interactions. Then Pyefore = p1 + p2 and Pagrer =
k1 + ko + - - -k, are equivalent. Thus the S matrix element must be in the form of

(k1, ko, kn| Sla) =i (27)" 64 (Poefore — Pagter) M, (21)
where Lorentz invariant 90 is the invariant scattering amplitude. Then
2 2 4 ¢4 2
‘ = |9ﬁ| [(271-) o (Pbefore - Pafter):|

= |mf? [(27T)4 §*(Poefore — Pafter)] [(27r)4 54(0)}

<k17k2a"' 7kn'|’§‘a>

= |93’t|2 [(27‘(’)4 64(Pbefore — Pafter):| </d4,’1}€_“€x )
k=0

= VT M (27)" 6*(Poetore — Patter) (22)

Cross section

From the previous discussion, we get

p1p P (v Pk
dN = 1020 <1g1,k:2,--~7kn'|5|04>‘ H

4p9pY S (2m)® 2KY
n’ 3
P1P2 2 4 ¢4 d°k;
= VT |Mm 2m)° 6 Pbefore - Paf er Y \3 410
g TP Em ) 1;[1 (2m)% 2k
P1P2 2
= VT |9|” dLIPS,,/, 23
4pp9 i )

where dLIPS,, is the n/-body Lorentz-invariant phase-space measure

T Bk
dLIPS,, = (27)* 6*(Poefore — Patter) 1;[1 @ (24)
Using the definition of the cross section (5), you get
1 dN
do = ()
p1p2vrel \ VT
2 2,2
1 0,0 (p1-p2)” —mim
= o PP M ALIPS, [ vy = L
P2\ \[(py - p2)? — m2m3 Pip:
1
= 90 dLIPS,,/ (25)

4\/(101 +p2)” — mim3



2 Decay rate
(1) 1 = n’ decay
Consider the case when the 1 initial particle (Ja) = |p)) decays into n’ particles. Then
(ala) = 2vp". (26)

In the spatial volume V', the number of the initial particles is pV, respectively. Then, the total number of particles
in the final state |k, ko, -+ , k) is given by

AN = (pV)dP
Vo ‘ NN S
-~ Baka, o k| S o) S E
(a|e) k1, ks |5la) };[1 (27)% 2k0
S [ SN WL 1%
2p0 1, 2, s vn 11 (27()3 2]{?

= 2oV T | (2m)" 6" (Poetore — Patier) ﬁdsik
= 2p0 ™ before after Pt (271')3 2](1?

_ ﬁVT 90| LIPS, (27)
(2) Decay width

The differential decay width is given by

dN
dl' = —
pVT

1 2
When we consider the rest frame of the initial particles, the differential decay width is given by
1
dr = 90| ALIPS, ., (29)

where M is the rest mass of the initial particle.



3 Compton Scattering

Initial and Final States

The initial states are given by:

E
e :pt= ) , with spinor u = u,(p),

with polarization vector e* = ¥ (k)

The final states are given by:

vkt = with polarization vector e’* = ¢, (k')

E/
e 1 pt = ) ,  with spinor «’' = u(p’),

The momentum conservation reads:
pM + kMt = p/ﬂ + K/H
By squaring both sides, we get
p-E)=@0"-k), @-k=0"F).
where we used the on-shell condition

p2:p/2:7ﬂ/27 :ZCZ:]’CQ:O.

Tree-Level Scattering Amplitude
The tree diagrams contributing to this process are given by Fig. 3. Defining
flEp+k7 fQEp_kla

we obtain the scattering amplitude 97 by the sum of two terms:

M = Ny + My,
where
o _ (2 TE (i +m)fu
T
on. _ (2 ZE(ftm)fu
=)0

Figure 3: The tree diagrams of the Compton scattering



Computation of the Amplitude Squared
The amplitude squared is given by

M = |90y + M|
= (900 ]7 + [9Mo)? + DML + MM

Let M,z be polarization independent amplitude, which satisfies

M = s”‘s’ﬁimag.

s sl
Then we can perform the spin/polarization average of this amplitude for initial and final states as

E = L35

s,s’ r,r’

1 7 s
=1 z Z evey elenMapsMs

’ /
s,s" rr

1
=3 > 9P Mg M5 (KK Map = 0)

rr!

1 *
=52 MM,

rr!

Substituting the full expression of 9t and taking the spin sum, you get the four sets of traces as
— 1
2
2T = 3D M,
r 7./

1 /e 1 N ,
:4<4) {WTT[Vﬁ(ﬁl +m)y (]ﬁ‘f‘m)%z(ﬂl +m) s (p +m)]
1
(p- k)

)
ﬁ'ﬁf ['YB (]71 + m) o (ﬁ-f— m) Y3 (ﬂ2 + m) Yo (p/ + m)}
1
(

+

Tr (v (fo+m)7® (p+m) v (Jo+m)ya (p +m)]

+

p-k)(p-
+(p-k:)p-k:’)Trha(ﬂl+m)75(}’)+m)7a(ﬂ2+m)75(p’+m)}}
et 1 . /
<4) {WTr[’Yﬁ(f/ler)’Y (P +m) va (fo +m) v (F +m)]

“r%TI" [’Ya (ﬂ2+m)fyﬁ (p—i—m)ryﬁ (ﬂ2+m)’}/a (p/+m)]

(p- k)
2 @ /
+mﬁhﬁ(ﬁl+m)v (P +m) s (fo+m)va (p +m)}}

Since

V(A m)r (p+m) va (i +m)vs =" (o +m) (—=p7* + 20 + m7*) Y (Jo +m) 95
=77 (fo +m) (=2p + 4m) (fi +m) s

=4dfipf +m[-16 (p- f1) + 16f7] +m?> (4p — 16 f1) + 16m°,

(39)

(41)



the first trace is evaluated by

Tr [+ (fi +m) v (p+m) Yo (fi +m) 38 (P +m)]
= T [{4ph +m (<16 (- f2)+ 16£2) +m? (45— 167) + 16m°) (9 + m)]
= 4f1app [1y05Tr [Y*Y°Y1°] +m® (dpapls — 16 fraply) Tr [7*77] + 4m® [<16 (p- f1) + 167] + 64m*
= [32(p- f1) (' - ) = 16f7 (p-p')] + m* [16 (p- p') — 64 (p' - f1)] +4m® [<16 (p- f1) + 16 7] + 64m*
=16m2(p-p') +32m2(p' - k) +32(p-k) (9 - k) —48m2 (p- p') — 64m? (p' - k) + 64m> (p - k) + 64m*
=32m* +32m? (p- k) +32(p- k) (p' - k)
=32[m*+m’>(p-k)+(p-k)(p k). (42)

We evaluate the second trace in the same way as

Tr [v* (fo +m) 7" (p+m) vs (fo + m)va (p +m)]
=Tr [{4fopfo +m [-16 (p- fo) + 163 ] +m® (4p — 16f5) + 16m>} (p' + m)]
= 4fo0pp forp5Tr [7"757775] +m? (4pap'ﬁ — 16f2ap'5) Tr [’y“vﬁ] + 4m? [—16 (p- f2) + 16f22} + 64m*
= [32(p- f2) (' - f2) = 16f5 (p- )] + m* [16 (p- p') — 64 (p - f2)] +4m* [=16 (p- f2) + 16f5] + 64m*
=32[m* —m?(p- k) + (p- k) (p- k)] . (43)

For the third trace, we obtain

Te [47 (fo +m) v (p+m) 95 (fo +m) va (p +m)]
= Tr [{=2p7" fi + 4m (p° + k%) — 2m*1°} (fb + m) va (p +m)]
= =20, 10 f2ply Tt (VY Y 70Y ] = 2m* (Puf1v + faub,) Tr (V"7 7 Vo]
—2m*Tr [y 0] 4 4m (2% + k%) PP Tr [Yay,]
= —16m* — 16m? (p- k) +32m? (p - k') + 64m*
= —16m* —16m? (p- k) +32m?2 (p - k') + 64m™* 4+ 32m> (p- k) — 32m? (p - k') — 16m* — 16m? (p - k')
=32m* + 16m? (p- k) — 16m> (p - k) . (44)

Then, from Eq. (42), (43), and (44), we get

mw=1(&){ ST ()0 () ()3 ()]

A\4) | (p-k)?°

+%TY{’YQ(‘]I/2+TTL)’7’6(p"f'm)’}/g(f/g—f—m)’ya(ﬂ/"‘rm)}

(p-K)

2 o /

+WTT[7ﬁ(ﬂ1+m)’Y (ziﬁ+m)w3(ﬁ2+m)7a(p —I—m)]}
B é m? m? (P k) m? m? (p-k) 64m* 32m? B 32m?
_16{32[<p~k>2+<p~k>+<p~k> o (P-k:’)2+(p~k’)+(p'k’)1+(p'k)(p'k’)+(p'k’) (p.k)}
— et (p' k) (p-k) m2 1 . 1 mi 1 . 1 ?
=7 {[@-k)*(p-k’)}“ e wE " e <p-k'>H ()

This form is independent of the choice of inertial frame. From now we fix our frame to the rest frame of the initial
electron. This choice fully simplifies the form.
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Klein-Nishina Formula

In the rest frame of the initial electron,

e e oK) = ) = (46)
0

Let (0, ) be the polar angles of k' and
dQ? =sin g dfdy (47)

is the corresponding element of solid angle. We take k as polar coordinate axis so that 6 is the photon scattering
angle i.e.

k- k' =ww cosb. (48)
Momentum conservation implies

(p-k)=@" k) + K -k
= mw = mw + ww — ww' cosf
, mw

Y= m +w (1 — cos ) (49)

Therefore, in this frame, |§)ﬁ|2 is simplified to

= 264{ {(5;-':)) " (f-?]:')>] o [@lk R lw] e [@lm R0 ~lk'>] }
w(eg) o 2) e (-2)
— 2¢4 (:j, + % ~ sin? 9> (50)

The relative speed of the incident beams is given by

(p-k)* —m? 02
Urel = 070 =1. (51)
The differential cross section is given by
1 —2
do = |90t dLIPSy
2
4\/(1’1 -p2)” —mim3
1 —=2
= —— M| dLIPSy 52
T LIPS, (52)

where dLIPS,,/ is the n’-body Lorentz-invariant phase-space measure

n n' n’ dgk/
dLIPS,, = (2r)* 6* ki —> K, —t (53)
; ; J 1_[1(27r)32k;0

11



In our case, we are considering the n’ = 2 case. Then we get

d3p/ d3k/
dLIPSy = (2m)* 6*(p+k —p — K
2= (2m) P ) (27r)3 2p’0 (271')3 2k'0
1 d (p© + K0 _ 0 _ 0 -
_ 5 | /‘2 (p i p ) dQ/
(2m)" 4p'Ok"° d|K|
w’ d r 2 2\ 1/2 / - /
= 625\ L7 FP7) +o]) a0
W' d [/ , 2\ 1/2 !
_ w’ d r 2 2 2 _ 90 0 1/2 / - do’
= 62 F w_(m +w® +w? = 2ww cost) T+ w
W 2w’ —2wcosl + 2F' 71dQ’
~ 16m2E’ 2F'

_ w' £ a9
16m2E" \w' —wcosl + E’

/

w 1
= daQ’
1672 <w’ —wcos&—i—(m—l—w—w'))

w' 1
= daqy’
1672 (m +w(l-— cos@))
Wwoow
= 1672 mw (54)
The we get
1 52
do = —— |91|"dLIPSy
dmw
_ 1 7|2 woow
dmw 1672 mw
w/2 —
= ———— M"Y
4 (47)° mPw?
w'? et w W 9
= mrﬂﬂ <w/+w81n 9) dQ,
o (W\° (w W 5 ,
:2mQ<w> <w,+w—81n 9>dQ7 (55)
where o = e? /47 is the fine structure constant. Thus, you get the following Klein-Nishina formula
do , o (N (w W,
dQI(w,Q)—W<w> J—i—;—bln 0 ) (56)

where w’ is uniquely determined by w, Q" as shown in Eq. (49).
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Total Cross-Section

The total Klein-Nishina cross section is given by

O’KN(w) =

8
where o = 37T

do

/
/deQ,
27 1 2 N\ 2 /

(0% w w w

d d(cosf) — | — = + = —sin%0
fae [0 (5) (55 -to)
7T'Oé2

e [0 (=) {57 [t -}

7mz2/ dt ! + ! 3— ! 2+ ! : (x—gt—cose)
m?2 J_, L+az(1—t) |14z -1 1+a2(1—t) 1+a2(1—t) m
7ra2/1 dt1+t2+(1+t2)(1—t)x+(1—t)2x
m ), TR

2 —22 422 +2
% 21:[2—|—x(1—|—z)(28+x)}_[ x +39L‘+ }log(1+2x)
m 3 (1 + 2x) x
2ra? |1+ [22(1+2) 1 143z

—log(1+2 —log(1+2z) - ——

- { e st 2m) st 20 - E
3 14z [22(1+2) 1 14 3z
— — log(1+ 2 —log(1+22) — ——
4UT{ 3 [ o og(1 + w)} + 5 log(1 +22) (H%)z}, (57)

2

5~ is Thomson scattering cross section.
m

Loop Corrections

At the 1-loop level, the contributing Feynman diagrams include vertex corrections, vacuum polarization, and electron
self-energy diagrams. The subgraphs included in these diagrams contribute to the renormalization of the electron

mass and

charge, modifying the total amplitude.

13



